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2 standard quadruplets Lie
Lie $\mathfrak{g},$ $\mathfrak{g}$
$(\rho, V),$ $\mathfrak{g}$ $B_{0}$
$\searrow$









quadruplet $(\mathfrak{g}, \rho, V, B_{0})$ $\mathfrak{g}$-
Definition 2.2. $v\in V,$ $\phi\in V^{*}$
$\hat{\Phi}:V\otimes V^{*}arrow \mathfrak{g}, \Phi_{v}:V^{*}arrow \mathfrak{g}, \Phi:Varrow Hom(V^{*}, \mathfrak{g})$ ,
$\hat{\Psi}:V^{*}\otimes Varrow \mathfrak{g}, \Psi_{\phi}:Varrow \mathfrak{g}, \Psi:V^{*}arrow Hom(V, \mathfrak{g})$
$a\in \mathfrak{g},$ $u\in V,$ $\psi\in V^{*}$
$B_{0}(a, \Phi(u\otimes\psi))=\langle\rho(a)u,$ $\psi\rangle,$ $\Phi_{v}(\psi)=\hat{\Phi}(v\otimes\psi)$ , $\Phi(u)=\Phi_{u},$
$B_{0}(a, \Psi(\psi\otimes u))=\langle u,$ $\rho^{*}(a)\psi\rangle,$ $\Psi_{\phi}(v)=\hat{\Psi}(\psi\otimes u)$ , $\Psi(\psi)=\Psi_{\psi}$
$\langle\cdot,$ $\cdot\rangle$ $V$ $V^{*}$ pairing
$V\otimes V^{*}$ $Hom(V^{*},\mathfrak{g})$ $\mathfrak{g}$- $\hat{\Phi},\hat{\Psi},$ $\Phi,$ $\Psi$
$\mathfrak{g}$- $(\mathfrak{g}, \rho, V, B_{0})$ standard quadruplet
$\Phi$ $\Psi$
$V_{1}:={\rm Im}\Phi, V_{-1}:={\rm Im}\Psi$
$\rho_{1},$ $\rho_{-1}$
$(\rho_{1}, V_{1})$ $(\rho_{-1}, V_{-1})$ $(\rho, V)$
$(\rho^{*}, V^{*})$ $V_{0}:=\mathfrak{g}$ adjoint $\rho_{0}$
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$p_{0}:V_{1}\otimes V_{0}arrow V_{1} q_{0}:V_{-1}\otimes V_{0}arrow V_{-1}$
$v_{1}\otimes a\mapsto-\rho_{1}(a)v_{1} \phi_{-1}\otimes a\mapsto-\rho_{-1}(a)\phi_{-1}$
$\mathfrak{g}$- $V_{0},$ $V_{\pm 1}$ $\mathfrak{g}$-
$\ovalbox{\tt\small REJECT}_{2},$ $V_{\pm 3},$
$\ldots$
Definition 2.3. $(\mathfrak{g}, \rho, V, B_{0})$ standard quadruplet $i\geq 1$
$\mathfrak{g}$- $(\rho_{i-1}, V_{-1})$ $(\rho_{-i+1}, V_{-i+1}),$ $\mathfrak{g}$- $p_{i-1}$ : $V_{1}\otimes V_{i-1}arrow$
$Hom(V^{*}, V_{i-1})$ $q_{-i+1}$ : $V_{-1}\otimes V_{-i+1}arrow Hom(V, V_{-i+1})$
$V_{i}:={\rm Im} p_{i-1},$ $V_{-i}:={\rm Im} q_{-i+1}$
$p_{i},$ $q_{-i}$
:
$p_{i}:V_{1}\otimes V_{i}arrow Hom(V^{*}, V_{i})$
$v_{1}\otimes u_{i}\mapsto(\phi\mapsto\rho_{i}(v_{1}(\phi))u_{i}+p_{i-1}(v_{1}\otimes u_{i}(\phi)))$ , (2.4)
$q_{-i}:V_{-1}\otimes V_{-i}arrow Hom(V, V_{-i})$
$\phi_{-1}\otimes\psi_{-i}\mapsto(v\mapsto\rho_{-i+1}(\phi_{-1}(v))\psi_{-i}+q_{-i+1}(\phi_{-1}\otimes\psi_{-i}(v)))$. (2.5)
$q_{-i}$ $\mathfrak{g}$- - $V_{i+1}$ $.={\rm Im} p_{i},$
$V_{-i-1};={\rm Im} q_{-i}$
$\mathfrak{g}$- $V_{i+1},$ $V_{-i-1}$
$\rho_{i+1},$ $\rho_{-i-1}$ $p_{i}$ : $V_{1}\otimes V_{i}arrow Hom(V^{*}, V_{i})$ $q_{-i}$ :
$V_{-1}\otimes V_{-i}arrow Hom(V,$ $V_{-}$ $n\in \mathbb{Z}$
$\mathfrak{g}$- $(\rho_{n}, V_{n})$ $(\mathfrak{g}, \rho, V, B_{0})$ $n$-graduation
$\mathfrak{g}$- $L(\mathfrak{g}, \rho, V, B_{0})=\oplus_{n\in \mathbb{Z}}V_{n}$ $L(\mathfrak{g}, \rho, V, B_{0})$
Lie
$L(\mathfrak{g}, \rho, V, B_{0})$ bracket
$[\cdot,$ $\cdot]:L(\mathfrak{g}, \rho, V, B_{0})\cross L(\mathfrak{g}, \rho, V, B_{0})arrow L(\mathfrak{g}, \rho, V, B_{0})$ Lie
Definition 2.4. $n\in \mathbb{Z}$
$[$ ., $]_{n}^{0}:V_{0}\cross V_{n}arrow V_{n},$
$[$ ., $]_{n}^{1}:V_{1}\cross V_{n}arrow V_{n+1},$
$[\cdot, \cdot]_{n}^{-1}:V_{-1}\cross V_{n}arrow V_{n-1}$
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$[a, x_{n}]_{n}^{0}:=\rho_{n}(a)x_{n}$ , (2.6)
$[v_{1},$ $x_{n}]_{n}^{1}:=\{\begin{array}{ll}p_{n}(v_{1}\otimes x_{n}) (n\geq 0)-x_{n}(\Phi^{-1}(v_{1})) (n\leq-1) ’\end{array}$ (2.7)
$[\phi_{-1}, x_{n}]_{n}^{-1}:=(_{q_{n}(\phi_{-1}\otimes x_{n})}^{-x_{n}(\Psi^{-1}(\phi_{-1}))} (n\leq 0)(n\geq 1)$ (2.8)
$i,j\geq 0$
$[V_{1}, V]_{i}^{1}=V_{i+1}, [V_{-1}, V_{-j}]_{-j}^{-1}=V_{-j-1}$
$v_{1}\in V_{1},$ $\phi_{-1}\in V_{-1},$ $n\in \mathbb{Z},$ $x_{n}\in$
$[\phi_{-1}, [v_{1}, x_{n}]_{n}^{1}]_{n+1}^{-1}=[[\phi_{-1}, v_{1}]_{1}^{-1}, x_{n}]_{n}^{0}+[v_{1}, [\phi_{-1}, x_{n}]_{n}^{-1}]_{n-1}^{1}$ (2.9)
$i\geq 2$ $[\cdot,$ $\cdot]_{n}^{\pm i}$ : $V_{\pm i}\cross V_{n}arrow V_{\pm i+n}$
Proposition 2.5. $i\geq 0$ $n\in \mathbb{Z}$ $i$ $i$
$[\cdot,$ $\cdot]_{n}^{j}:V_{j}\cross V_{n}arrow V_{j+n}$ :
$[a, [u_{j}, x_{n}]_{n}^{j}]_{j+n}^{0}=[[a, u_{j}]_{j}^{0}, x_{n}]_{n}^{j}+[u_{j}, [a, x_{n}]_{n}^{0}]_{n}^{j}$ , (2.10)
$[\phi_{-1}, [u_{j}, x_{n}]_{n}^{j}]_{j+n}^{-1}=[[\phi_{-1}, u_{j}]_{j}^{-1}, x_{n}]_{n}^{j-1}+[u_{j}, [\phi_{-1}, x_{n}]_{n}^{-1}]_{n-1}^{j}$ , (2.11)
$[u_{j}, a]_{0}^{j}=-[a, u_{j}]_{j}^{0}=-\rho_{j}(a)u_{j}$ , (2.12)
$[u_{j}, v_{1}]_{1}^{j}=-[v_{1}, u_{j}]_{j}^{1}=-p_{j}(v_{1}\otimes u_{j})$, (2.13)
$[u_{j}, \phi_{-1}]_{-1}^{j}=-[\phi_{-1}, u_{j}]_{j}^{-1}$ (2.14)






$\sum_{s=1}^{l}([v_{1}^{s}, [u_{i}^{s}, x_{n}]_{n}^{i}]_{i+n}^{1}-[u_{i}^{s}, [v_{1}^{s}, x_{n}]_{n}^{1}]_{n+1}^{i})=0$ (2.16)
$[p_{i}(v_{1}\otimes u_{i}), x_{n}]_{n}^{i+1}:=[v_{1}, [u_{i}, x_{n}]_{n}^{i}]_{i+n}^{1}-[u_{i}, [v_{1}, x_{n}]_{n}^{1}]_{n+1}^{i}$ (2.17)
$[\cdot,$ $\cdot]_{n}^{i+1}:V_{i+1}\cross V_{n}arrow V_{i+n+1}$ (2.10)
(2.14) :
$[a,$ $[u_{i+1},$ $x_{n}]_{n}^{i+1}]_{i+n+1}^{0}=[[a,$ $u_{i+1}]_{i+1}^{0},$ $x_{n}]_{n}^{i+1}+[u_{i+1},$ $[a,$ $x_{n}]_{n}^{0}]_{n}^{i+1}$ , (2.18)
$[\phi_{-1},$ $[u_{i+1},$ $x_{n}]_{n}^{i+1}]_{i+n+1}^{-1}=[[\phi_{-1},$ $u_{i+1}]_{i+1}^{-1},$ $x_{n}]_{n}^{i}+[u_{i+1},$ $[\phi_{-1},$ $x_{n}]_{n}^{-1}]_{n-1}^{i+1}$ , (2.19)
$[u_{i+1},$ $a]_{0}^{i+1}=-[a,$ $u_{i+1}]_{i+1}^{0}=-\rho_{i+1}(a)u_{i+1}$ , (2.20)
$[u_{i+1},$ $v_{1}]_{1}^{i+1}=-[v_{1},$ $u_{i+1}]_{i+1}^{1}=-p_{i+1}(v_{1}\otimes u_{i+1})$ , (2.21)
$[u_{i+1},$ $\phi_{-1}]_{-1}^{i+1}=-[\phi_{-1},$ $u_{i+1}]_{i+1}^{-1}=u_{i+1}(\Psi^{-1}(\phi_{-1}))$ . (2.22)
$a\in V_{0},$ $v_{1}\in V_{1},$ $u_{i+1}\in V_{i+1},$ $\phi_{-1}\in V_{-1},$ $x_{n}\in$
Proposition 2.5 $i=0$ Definition 2.4 $[\cdot,$ $\cdot]_{n}^{0},$ $[\cdot,$ $\cdot]_{n}^{1},$
$[\cdot,$ $\cdot]_{n}^{-1}$
$[\cdot,$ $\cdot]_{n}^{2}$ : $V_{2}\cross V_{n}arrow V_{n+2}$




$[v_{1}, [u_{i}, x_{0}]_{0}^{i}]_{i}^{1}-[u_{i}, [v_{1}, x_{0}]_{0}^{1}]_{1}^{i}$
$=-\rho_{i+1}(x_{0})p_{i}(v_{1}\otimes u_{i})$ (2.23)
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$n\geq 1$ $v_{1}\in V_{1},$ $u_{i}\in V_{i},$ $x_{n}\in V_{n},$ $\phi\in V^{*}$
$[v_{1}, [u_{i}, x_{n}]_{n}^{i}]_{i+n}^{1}(\phi)-[u_{i}, [v_{1}, x_{n}]_{n}^{1}]_{n+1}^{i}(\phi)$
$=p:+n(v_{1}\otimes[u_{i}, x_{n}]l)(\phi)-[u_{i}(\phi),p_{n}(v_{1}\otimes x_{n})]$ $-[u_{i},p_{n}(v_{1}\otimes x_{n})(\phi)]1$
$=[p_{i}(v_{1}\otimes u_{i})(\phi),$ $x_{n}]_{n}^{i}$
$+[v_{1}, [u_{i}, x_{n}(\phi)]_{n-1}^{i}]_{i+n-1}^{1}-[u_{i}, [v_{1}, x_{n}(\phi)]_{n-1}^{1}]_{n}^{i}$ (2.24)








$\sum_{s=1}([v_{1}^{s}, [u_{i}^{s}, x_{n}(\phi)]_{n-1}^{i}]_{n+i-1}^{1}-[u_{i}^{S}, [v_{1}^{s}\otimes x_{n}(\phi)]_{n-1}^{1}]_{n}^{:})=0$
$\iota$
$\overline{\sum_{\epsilon=1}}([v_{1}^{s}, [u_{i}^{s}, x_{n}]_{n}^{i}]_{i+n}^{1}-[u_{i}^{s}, [v_{1}^{\theta}, x_{n}]_{n}^{1}]_{n+1}^{i})=0$ (2.25)
$n=-1$ $i$ $v_{1}\in V_{1},$ $u_{i}\in V_{1},$ $x_{-1}\in V_{-1}$




$n\leq-2$ (2.9) $v_{1}\in V_{1},$ $u_{i}\in V_{i},$
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$x_{n}\in V_{n},$ $\phi_{-1}\in V_{-1}$
$[v_{1}, [u_{i}, q_{n+1}(\phi_{-1}\otimes x_{n+1})]_{n}^{i}]_{i+n}^{1}-[u_{i}, [v_{1}, q_{n+1}(\phi_{-1}\otimes x_{n+1})]_{n}^{1}]_{n+1}^{i}$
$=[v_{1}, [u_{i}(\Psi^{-1}(\phi_{-1})), x_{n+1}]_{n+1}^{i-1}]_{i+n}^{1}+[v_{1}, [\phi_{-1}, [u_{i}, x_{n+1}]_{n+1}^{i}]_{i+n+1}^{-1}]_{i+n}^{1}$
$+[u_{i}, q_{n+1}(\phi_{-1}\otimes x_{n+1})(\Phi^{-1}(v_{1}))]_{n+1}^{i}$
$=[p_{i}(v_{1}\otimes u_{i})(\Psi^{-1}(\phi_{-1})), x_{n+1}]_{n+1}^{i}$









$\sum_{s=1}^{l}[\phi_{-1}, ([v_{1}^{s}, [u_{i}^{s}, x_{n+1}]_{n+1}^{i}]_{i+n+1}^{1}-[u_{i}^{S}, [v_{1}^{s}, x_{n+1}]_{n+1}^{1}]_{n+2}^{i})]_{i+n+2}^{-1}=0$
$\sum_{s=1}^{l}([v_{1}^{s}, [u_{i}^{s}, q_{n+1}(\phi_{-1}\otimes x_{n+1})]_{n}^{i}]_{i+n}^{1}-[u_{i}^{s},$ $[v_{1}^{s},$ $q_{n+1}(\phi_{-1}\otimes x_{n+1})]_{n}^{1}]_{n+1}^{i})=0$
(2.28)
$n\in \mathbb{Z}$ wel$I$-defined $[\cdot,$ $\cdot]_{n}^{i+1}$ :
$V_{i+1}\cross V_{n}arrow V_{i+n+1}$
$[\cdot,$ $\cdot]_{n}^{i+1}$ (2.18) (2.22) 1
2.5 $j$ $[\cdot,$ $\cdot]_{n}^{-j-1}:V_{-j-1}\cross V_{n}arrow$
$V_{-j+n-1}$
$[q_{arrow}(\phi_{-1}\otimes\psi_{arrow}),$ $x_{n}]_{n}^{-j-1}:=[\phi_{-1},$ $[\psi_{-j},$ $x_{n}]_{n}^{-j}]_{-j+n}^{-1}-[\psi_{-j},$ $[\phi_{-1},$ $x_{n}]_{n}^{-1}]_{n-1}^{-j}$ (2.29)
$n,$ $m\in \mathbb{Z}$
$[\cdot,$ $\cdot]_{m}^{n}$ : $V_{n}\cross V_{m}arrow V_{n+m}$ $L(\mathfrak{g}, \rho, V, B_{0})$
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$[$ ., $\cdot$ $]$
$[x_{n}, y_{m}];=[x_{n}, y_{m}]_{m}^{n}(x_{n}\in V_{n}, y_{m}\in V_{m})$
$[\cdot,$ $\cdot]$ $x,$ $y,$ $z\in L(\mathfrak{g}, \rho, V, B_{0})$
$[x, y]+[y, x]=0,$
$[x, [y, z]]=[[x, y], z]+[y, [x, z]]$
Theorem 2.6. $L(\mathfrak{g}, \rho, V, B_{0})$ $[\cdot,$ $\cdot]$ bracket Lie
standard quadruplet Lie
Lie $L(\mathfrak{g}, \rho, V, B_{0})$ :
$[V_{1}, V_{i}]=V_{i+1}, [V_{-1}, V_{-j}]=V_{-j-1}, (i,j\geq 0)$ (2.30)
$[V_{1}, V_{-1}]=V_{0}$ . (2.31)
3 $L(\mathfrak{g}, \rho, V, B_{0})$
$L(\mathfrak{g}, \rho, V, B_{0})$
Definition 3.1. $B_{1}:V_{1}\cross V_{-1}arrow \mathbb{C}$
$B_{1}(v_{1}, \phi_{-1}) :=\langle\Phi^{-1}(v_{1}), \Psi^{-1}(\phi_{-1})\rangle$ (3.1)
$B_{1}$ $a,$ $b\in V_{0},$ $v_{1},$ $u_{1}\in V_{1},$ $\phi_{-1},$ $\psi_{-1}\in V_{-1}$
$B_{1}(p_{1}(v_{1}\otimes a), q_{-1}(\phi_{-1}\otimes b))=B_{0}(p_{1}(v_{1}\otimes a)(\Phi^{-1}(\psi_{-1})), b)$
$=B_{0}(a, q_{-1}(\phi_{-1}\otimes b)(\Phi^{-1})(v_{1}))$ ,
$B_{1}(p_{1}(v_{1}\otimes u_{1})(\Psi^{-1}(\phi_{-1})), \psi_{-1})=B_{1}(u_{1}, q_{-1}(\phi_{-1}\otimes\psi_{-1})(\Phi^{-1}(v_{1})))$




$B_{i}$ : $V_{i}\cross V_{-i}arrow \mathbb{C}$
$B_{i}(p_{i-1}(v_{1}\otimes u_{i-1}), q_{-i+1}(\phi_{-1}\otimes\psi_{-i+1}))$
$:=B_{i-1}(p_{i-1}(v_{1}\otimes u_{i-1})(\Psi^{-1}(\phi_{-1})), \psi_{-i+1})$




$i$ $B$ . : $V_{j}\cross V_{-j}arrow \mathbb{C}$
$L(\mathfrak{g}, \rho, V, B_{0})$ $B$
$B( \sum_{n\in \mathbb{Z}}x_{n},\sum_{m\in \mathbb{Z}}y_{m})=\sum_{s\geq 0}B_{s}(x_{s}, y_{-s})+\sum_{t\leq-1}B_{-t}(y_{-t}, x_{t})$ (3.3)
Proposition 3.2. Definition 3.1 $B$ $L(\mathfrak{g}, \rho, V, B_{0})$
standard quadruplet Lie
Proposition 3.3. $\hat{B}$ Lie $\hat{\mathfrak{g}}=\oplus_{n\in \mathbb{Z}}\hat{\mathfrak{g}}_{n}$
$(\hat{\mathfrak{g}}_{0}, ad, \hat{\mathfrak{g}}_{1},\hat{B}_{0}|_{0\cross 0}\wedge\wedge)$ standard quadruplet
Lie $\hat{\mathfrak{g}}$
$\hat{\mathfrak{g}}_{0},\hat{\mathfrak{g}}_{1}$ (3.4)
90 $\hat{\mathfrak{g}}_{1}$ adjoint (3.5)
$i\geq 0$ $\hat{B}$ $\hat{\mathfrak{g}}_{i}\cross\hat{\mathfrak{g}}_{-i}$ (3.6)






Definition 4.1. $(\mathfrak{g}^{1}, \rho^{1}, V^{1}, B_{0}^{1})$ $(\mathfrak{g}^{2}, \rho^{2}, V^{2}, B_{0}^{2})$ 2 standard quadruplets
Lie $\sigma:\mathfrak{g}^{1}arrow \mathfrak{g}^{2}$ $\tau$ : $V^{1}arrow V^{2}$
$a^{1},$ $b^{1}\in \mathfrak{g}^{1},$ $v^{1}\in V^{1}$
$\tau(\rho^{1}(a^{1})v^{1})=\rho^{2}(\sigma(a^{1}))(\tau(v^{1}))$ , (4.1)
$B_{0}^{1}(a^{1}, b^{1})=B_{0}^{2}(\sigma(a^{1}), \sigma(b^{1}))$ (4.2)
2 standard quadrupley
$(g^{1}, \rho^{1}, V^{1}, B_{0}^{1})\simeq(\mathfrak{g}^{2}, \rho^{2}, V^{2}, B_{0}^{2})$ (4.3)
Proposition 4.2. standard quadruplet Lie
Example 4.3. (loop ) $\mathfrak{g}$ Lie $K$ $\mathfrak{g}$ Killing $\mathcal{L}(\mathfrak{g})=$
$\mathbb{C}[t, t^{-1}]\otimes \mathfrak{g}$ bracket $[\cdot,$ $\cdot]_{0}$
$[t^{n}\otimes X, t^{m}\otimes Y]_{0}:=t^{n+m}\otimes[X, Y]$ (4.4)
$\mathfrak{g}_{n}:=\mathbb{C}t^{n}\otimes \mathfrak{g}$ (4.5)
$\mathcal{L}(\mathfrak{g})=\oplus_{n\in Z}\mathfrak{g}_{n}$ loop Lie
$K_{0}$
$K_{0}(t^{n}\otimes X, t^{\mathfrak{m}}\otimes Y)=\delta_{n+m,0}K(X, Y)$
$\mathcal{L}(\mathfrak{g})$ $K_{0}$ Proposition 3.3
$(\mathfrak{g}0, ad, \mathfrak{g}_{1}, K_{0}|_{0\cross\cdot 0})$ standard quadruplet $(\mathfrak{g}, ad, \mathfrak{g}, K)$
$L(\mathfrak{g}, ad, \mathfrak{g}, K)\simeq \mathcal{L}(\mathfrak{g})$
Lie standard quadruplet Lie
$\mathfrak{g}$ Lie $\mathfrak{h}$ Cartan $R$ $(\mathfrak{g}, \mathfrak{h})$ root
$R$ $\psi$ $\psi$ $\theta$ (
) $\mathfrak{h}$ $H^{\theta}$
$\alpha(H^{\theta})=\{\begin{array}{l}0 (\alpha\in\theta)2 (\alpha\in\psi\backslash \theta)\end{array}$ (4.6)
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$d_{i}(\theta)=\{X\in \mathfrak{g}|[H^{\theta}, X]=2iX\}$





Killing $i+j\neq 0$ $K(d_{i}(\theta), d_{j}(\theta))=0$
$\mathfrak{g}=\oplus_{i=-k}^{k}d_{i}(\theta)$
$=$ do $(\theta$ $)$ $\mathfrak{l}_{\theta}$ $d_{1}(\theta)$
Proposition 3.3




Definition 4.5. $(\mathfrak{g}^{1}, \rho^{1}, V^{1}, B_{0}^{1})$ $(\mathfrak{g}^{2}, \rho^{2}, V^{2}, B_{0}^{2})$ standard quadruplet
$a^{i}\in \mathfrak{g}^{i}$ $v^{i}\in \mathfrak{g}^{i}(i=1,2)$ $\rho^{1}$ $\rho^{2}$
$((\rho^{1}$ $\rho^{2})(a^{1}, a^{2}))(v^{1}, v^{2}):=(\rho^{1}(a^{1})v^{1}, \rho^{2}(a^{2})v^{2})$
$\mathfrak{g}^{1}\oplus \mathfrak{g}^{2}$ $V^{1}\oplus V^{2}$ $a^{i},$ $b^{i}\in \mathfrak{g}^{i}(i=1,2)$ $B_{0}^{1}\oplus B_{0}^{2}$
$(B_{0}^{1}\oplus B_{0}^{2})((a^{1}, a^{2}), (b^{1}, b^{2})):=B_{0,-}^{1}(a^{1},b^{1})+B_{0}^{2}(a^{2}, b^{2})$
$\mathfrak{g}^{1}\oplus \mathfrak{g}^{2}$ $(\mathfrak{g}^{1}\oplus \mathfrak{g}^{2}, \rho^{1} \rho 2, V^{1}\oplus V^{2},B_{0}^{1}\oplus B_{0}^{2})$
standard quadruplet $(\mathfrak{g}^{1}, \rho^{1}, V^{1}, B_{0}^{1})$ $(\mathfrak{g}^{2}, \rho^{2}, V^{2}, B_{0}^{2})$
$(\mathfrak{g}^{1}, \rho^{1}, V^{1}, B_{0}^{1})\oplus(\mathfrak{g}^{2}, \rho^{2}, V^{2}, B_{0}^{2})$
Proposition 4.6. $(\mathfrak{g}^{1}, \rho^{1}, V^{1}, B_{0}^{1})\oplus(\mathfrak{g}^{2}, \rho^{2}, V^{2}, B_{0}^{2})$ standard quadruplet
Lie $(\mathfrak{g}^{1}, \rho^{1}, V^{1}, B_{0}^{1})$ $(\mathfrak{g}^{2}, \rho^{2}, V^{2}, B_{0}^{2})$
$L((\mathfrak{g}^{1}, \rho^{1}, V^{1}, B_{0}^{1})\oplus(\mathfrak{g}^{2}, \rho^{2}, V^{2}, B_{0}^{2}))$
$\simeq L(\mathfrak{g}^{1}, \rho^{1}, V^{1}, B_{0}^{1})\oplus L(\mathfrak{g}^{2}, \rho^{2}, V^{2}, B_{0}^{2})$
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Lie standard quadruplet Lie
Proposition 4.7. $(\mathfrak{g}, \rho, V, B_{0})$ standard quadruplet Lie
$L(\mathfrak{g}, \rho, V, B_{0})$ $L(\mathfrak{g}, \rho, V, B_{0})$ Lie
Proposition 3.3 Lie








$i+i\not\equiv 0(mod k)$ $K(\tilde{d}_{i}(\theta),\tilde{d}_{j}(\theta))=0$




$[t^{n}\otimes x, t^{m}\otimes y]:=t^{n+m}\otimes[x, y]$ (4.10)
$\overline{K}(t^{n}\otimes x, t^{m}\otimes y) :=\delta_{n+m,0}K(x, y)$ (4.11)
$\overline{d}_{n+k}(\theta)\simeq\overline{d}_{n}(\theta)$ Proposition 3.3
$(\tilde{\mathfrak{l}}_{\theta}, ad, d_{1}(\theta), K|_{\theta\cross\theta}--)$ $(\overline{d}_{0}(\theta), ad, d_{1}(\theta),\overline{K}|_{\overline{d}_{0}(\theta)\cross\overline{d}_{0}(\theta)})$ standard
quadruplet Lie $\overline{\mathfrak{g}}$
Example 4.8. $\epsilon \mathfrak{o}_{m}$ $m$ $\Lambda_{1}$ $K_{m}$ $\epsilon \mathfrak{o}_{m}$ Killing
$N,$ $M\geq 3$ $(\mathfrak{g}, \rho, V, B_{0})=(\epsilon \mathfrak{o}_{N}\oplus\epsilon \mathfrak{o}_{M}, \Lambda_{1}\otimes\Lambda_{1}, M(N, M),$ $K_{N}\oplus$
$K_{M})$ standard quadruplet n-graduation
$V_{n}\simeq\{$
$\mathfrak{g}$ ( $n$ )
$M(N, M)$ ($n$ )
(4.12)
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$L(\mathfrak{g}, \rho, V, B_{0})$
$(\cdots a_{-2}\xi_{-3}\xi_{-1}a_{0} b_{-2}X_{1}t\xi_{-1}b_{0} \xi_{-1}t_{a_{0}}X_{1}a_{2} X_{1}X_{3}b_{0}b_{2} \cdots)$
$i$
$a_{\pm 2i}\in\epsilon \mathfrak{o}_{N},$
$b_{\pm 2i}\in\epsilon \mathfrak{o}_{M},$ $X_{2i+1}\in M_{N,M},$ $\xi_{-21-1}\in M_{M,N}$
$N,$ $M$ $B_{N+M-1},$ $N,$ $M$
$D_{\frac{N+M}{2}}$ Lie $N,$ $M$
$L(\tilde{\mathfrak{l}}_{\theta}, ad, \tilde{d}_{1}(\theta), K|-\theta-)$
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